The phonons of two end members of Li 1+x Ti 2−x O 4 spinel system, i.e., the metallic LiTi 2 O 4 and the insulating Li[Li 1/3 Ti 5/3 ]O 4 , are calculated in superspace symmetry approach using a short-range force constant model. The composition dependence of zone-centre optical phonons in Li 1+x Ti 2−x O 4 near phase transition and Li 1−x Mg x Ti 2 O 4 has been investigated using different models of substitution. One-and two-mode behavior is therefore predicted for F 1u and F 2u modes in case of tetrahedral and octahedral substitution, respectively.
Introduction
A large class of solid spinels XY 2 O 4 are of technological and geological interest having widely variable occupations of two (tetrahedral A and octahedral B) sites by various cations (figure 1). Normally in most spinels there are occupations of the octahedral and tetrahedral sites preferred by different atoms.
Among a large number of spinel compounds only a few show metallic behavior and Li 1+x Ti 2−x O 4 system is the only one to be superconducting with a T C ≈ 13
• K. The replacement of Ti ions by additional Li ions carries the system through a metallic-insulator transition at x ≈ 0.1 − 0.15 [1] [2] [3] . Although many experimental studies have been done in connection with the transition [1] [2] [3] [4] , the origin of the metal-insulator transition is still not fully understood. In order to study the mechanism of superconductivity and metal-insulator transition in Li 1+x Ti 2−x O 4 the investigations of its phonons are quite important. Therefore, the phonons of two end members of Li 1+x Ti 2−x O 4 spinel system, i.e., the metallic LiTi 2 O 4 and the insulating Li[Li 1/3 Ti 5/3 ]O 4 , are calculated using a simple short-range force constant model.
The simple force constant models are widely used in studying the phonons in spinel type oxides, sulphides and selenides [5, 6] . Lattice dynamic calculations of inverse spinels had been performed in [7] . The phonons in superconducting oxide spinel LiTi 2 O 4 were also investigated using three short-range force constants α 1 , α 2 , α 3 by Gupta et al. [8] . The theoretical Raman frequencies and superconducting transition temperature T C agree satisfactorily with the observed values in paper [8] .
In accordance with the above, the simple model with three central force constants for interatomic interaction between the first, second and third nearest neighbors is used in the present work to investigate the phonons in Li[Li
The analysis of the phonon spectra of the Li 1+x Ti 2−x O 4 spinel system, in particular, as well as of many other spinels, becomes complicated by disordering of the cations between A and B sites, which may depend upon the temperature, conditions of synthesis and chemical composition [9] .
In this paper for the first time the Superspace Symmetry Approach (SSA) [10] [11] [12] has been used in constructing the simplified dynamic matrix of spinel structure. The dynamic matrix elements are calculated, using the experimental data of Raman spectra of Li 1+x Ti 2−x O 4 solids near metal-insulator phase transition.
The SSA approach takes into account the composition freedom of the sites occupied by different atoms. One can consider a spinel structure as a suitable model object for the study of phonon spectra in SSA approach due to the presence of equidistant sites, occupied by various sorts of atoms and vacancies.
Theory
We can regard the real structure in terms of SSA as a compositional modulated one from the basic "simpler" structure with a smaller period of translations [13] . So, the complex crystal is the compositional natural superlattice in this approach. Let us select a Volume-Centered Cubic (VCC) lattice as the basic structure. (3 + d)-dimensional superspace description [10] [11] [12] [13] of given crystals is realized, using the basis in the direct space:
where a is a parameter of basic one atom lattice; b/4 is a lattice parameter in the additional 3-dimensional phase space.
3-dimensional components of the last three vectors in reciprocal basis define the elementary modulation vectors:
The linear combinations of these vectors in the limits of basic structure BZ will derivate the set of 32 modulation vectors.
The primitive spinel cell has 18 vacancies concerning a VCC lattice of the basic structure. Let us consider that the vacancy contains an atom with zero mass and is surrounded by a zero force field whether atoms are included in first, second or third coordination group or not. Such an atom does not carry changes into a dynamic matrix.
In terms of SSA approach a phonon spectrum of crystal lattice is defined by the solutions of the generalized eigenvalue problem [11] :
where M is a matrix of the mass defect operator [10] [11] [12] , responsible for mass modulation of basic one-atom lattice. The structure of D SSA (k) matrix is [12] :
Here D q j (k − q i ) -j-th fragment of a dynamic matrix of basic one-atom structure, averaged at mass and force field, defined in k − q i points of BZ (i, j = 1, 2, . . . , 32). We can write the set of matrices D q j (k − q i ), using simple short-range force constants model. Each force constant parameter describes the interaction in a corresponding coordination group. The mass modulation and modulation of force constants in the averaged basic structure leads to the correct parameters of the complex crystal.
Hereinafter we shall view the interaction in the limits of the first three coordination groups of a VCC basic lattice, that corresponds to interactions X-O, Y-O, and Y-Y (O-O).
Using the position and modulation vectors r j and q i we get the Fourier transformation
and apply in the equation (3). We obtain:
M is diagonal mass matrix. The structure for the force part of dynamic matrix D cl is:
The zero columns and strings correspond to the places, in which the vacancies are disposed, and coincide with zero diagonal elements of mass matrix M . Therefore, these columns and strings can be eliminated. Such a block matrix becomes equivalent to a classical dynamic matrix. Apparently, its order equals 3 × (32 − 18) = 42.
The group theoretical treatment of the optical zone-centre (k=0) phonon modes for the spinel structure yields [14] 
Five modes A 1g , E g and 3F 2g are Raman-active (marked as R) and four 4F 1u are infrared active (marked as IR).
As mentioned above, in the present investigation the dynamic matrix elements are calculated using a simple short-range force constant model. For this purpose we have obtained the evaluation of three parameters of interatomic interaction in the way pointed in [8] , based on the experimental Raman data [2] by analytical expressions [6] :
where ω A 1g and ω E g are the observed Raman A 1g and E g modes; m O is the mass of oxygen atom; α 1 , α 2 , α 3 represent the central force constants for interatomic interaction between the first, second and third nearest neighbors. We can take the values of the O-O and Ti-Ti force constants to be α 3 = 20.0 N/m, based on earlier studies [8] of oxides spinel and the semi-empirical treatment by Oda et al. [15] . The force constants for different spinel systems calculated by using the value α 3 = 20.0 N/m and Raman data [2, 8] are given in table 1.
As an example of using SSA approach, in a short-range force constant model we calculate the phonon frequencies in spinel systems in the following cases: 
Results and discussion
Using three force constants (see table 1), the phonon frequencies of LiTi 2 O 4 at the zone centre are calculated in the framework of superspace symmetry and classified according to irreducible representations. These are given in table 2 along with the observed Raman measurements [2] and calculations of Gupta et al. [8] with the same parameters α 1 , α 2 , α 3 .
A simple short-range force constant model, as was shown in papers [5] [6] [7] [8] , in spinel cases gives the similar frequencies for zone centre vibrations and Raman data. The consideration of a long-range Coulomb interatomic interaction may reduce the existing difference. One can see that the present results also practically coincide with calculations [8] . It testifies to the equivalence of dynamic matrices constructed in different approaches. The detailed analysis of our calculations shows (see figure 2 ) that the movement from Γ point in Γ-R direction is associated with the splitting of each of triple generated modes 3F 2g , 4F 1u , F 1g , 2F 2u into doubly generated and single generated. It leads to 28 dispersion curves in the direction Γ-R (14 doubly generated and 14 single generated branches). The movement from point Γ in Γ-X direction is associated with similar splitting of triple-generated modes and additional splitting of doubly generated modes 2E u . In the total we have 30 branches in Γ-X direction (12 doubly generated and 18 single generated).
In Γ-K direction one can observe 42 modes (all modes are single generated). The Li 1+x Ti 2−x O 4 , spinel system (0 x 1/3) undergoes a metal-insulator transition near x ≈ 0.15. In LiTi 2 O 4 Li and Ti ions occupy tetrahedral and octahedral sites, respectively. In Li[Li 1/3 Ti 5/3 ]O 4 an additional substitution of Ti ions by Li leads to a loss of metallic properties [1] [2] [3] .
In order to determine an effect of mass distribution in cationic sublattice on the phonons in superconducting lithium spinel LiTi 2 O 4 , we have carried out a series of model examinations of substitution in octahedral and tetrahedral sites ( figure 3) .
The masses of atoms in the sites of substitutions are calculated by assuming the linear variation from one atom mass to the other with composition x : As we can see in figure 3a the energy of some modes (F 1u ) sharply increases in the field of anomaly. It does not provide advantage to the system as a whole. The light atoms Li (M Li = 6.9) are not inclined to occupy the octahedral sites relative to oxygen framework (M O = 16.0) together with heavy atoms of Ti (M Ti = 47.9). One can assume the F 1u modes will indicate the phase transition by taking into account the adequate model of interatomic interaction.
The calculations shown in figure 3a should not be viewed as the ones simulating the metal-insulator phase transition. The present model of lattice dynamics is very simple in predicting or simulating any phase transition. The anomaly just shows figure 3b) . Thus, our calculations in mixed spinel systems predict for F 1u and F 2u modes, one-and two-mode behaviors in case of tetrahedral and octahedral substitution, respectively. However, precise infrared and inelastic-neutron-scattering experiments are required to confirm the predicted behavior of phonons in Li[Li 
